MAHLER MEASURES AS LINEAR COMBINATIONS OF L- VALUES OF 

MULTIPLE MODULAR FORMS 



DETCHAT SAMART 

Abstract. We study the Mahler measures of certain families of Laurent polynomials in two 
and three variables. Each of the known Mahler measure formulas for these families involves 
L- values of at most one newform and/or at most one quadratic character. In this paper, 
we show, either rigorously or numerically, that the Mahler measures of some polynomials 
are related to L-values of multiple newforms and quadratic characters simultaneously. The 
results suggest that the number of modular L-values appearing in the formulas significantly 
depends on the shape of the algebraic value of the parameter chosen for each polynomial. 
As a consequence, we also obtain new formulas relating special values of hypergeometric 
series evaluated at algebraic numbers to special values of L-functions. 



1. Introduction 

For any Laurent polynomial P G CfX^ 1 , . . . , -X"^ 1 ], the Mahler measure of P is defined by 
m{P)= I ■■• I log\P(e^ ie \...,e 2 ^)\d9f-d9 n . 



(In some parts of the literature, m(P) is called the logarithmic Mahler measure of P, but 
throughout this paper we shall omit the term logarithmic.) In general, it is not easy to 
evaluate Mahler measures of any randomly chosen polynomials if they have more than one 
variable. Therefore, it is usually difficult to derive explicit formulas of Mahler measures, 
and it is still unclear what are the precise ways that Mahler measures are related to the 
polynomials. On the other hand, in some special cases Mahler measures turn out to be 
related to special values of L-functions attached to the projective varieties arising from the 
zero loci of the corresponding polynomials. It was Deninger [6] who first discovered this 
phenomenon using the Bloch-Beilinson conjectures. In particular, he conjectured that the 
following formula holds: 

m(x + x~ l + y + 2T 1 + 1) = L'(E, 0), 

where E is the elliptic curve of conductor 15 defined by the projective closure of the zero 
locus of x + x^ 1 + y + y^ 1 + 1. This formula had been conjectural for years before being 
proved by Rogers and Zudilin [17] . 

To consider more general situations, we let 

P k = x + x~ l + y + y~ x + k, 
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where k G C. It was verified numerically by Boyd [I] that, for many integral values of k 7^ 0, 4, 
if E k is the elliptic curve over Q determined by the zero locus of P k , then 

(1.1) m{P k ) = c k L'(E k ,0), 

where c k is a rational number of small height. (Here and throughout = means that they are 
equal to at least 25 decimal places.) Note that by the modularity theorem the relation (II. ip 
is equivalent to 

m{P k ) = c k L(h k ,0), 

where h k is the newform of weight 2 associated to E k . (In most situations, we will be dealing 
with L- values of newforms rather than those of algebraic varieties.) Although Boyd's results 
seem to be highly accurate, rigorous proofs of these formulas are quite rare. Inspired by these 
results, Rodriguez Villegas [12] proved that m(P k ) can be expressed in terms of Eisenstein- 
Kronecker series, and for certain values of k they turn out to be related to special values of 
L-series of elliptic curves with complex multiplication. He also observed from his numerical 
data that the relation (II. ip seems to hold for every sufficiently large k such that k 2 G N. For 
instance, he proved that 

(1-2) m(P 4v ^) = L\E 4V - 2 , 0) = L'(/ 64 , 0), 



(1.3) m (P_4,J = L' [EfrO) = L'(f 32 ,0), 

where / 64 and / 32 are newforms of weight 2 and level 64 and 32, associated to the elliptic 
curves E^ny an d Ej^, respectively. Similar results, due to Lalfn and Rogers, can be found 

in JTU]. In Section |5] we will deduce formulas for m(P k ) when k = ± 6\/2. Indeed, we 
will prove that 

(1-4) m (P/^) = \ (Ufa, 0) ± L'(f 32 , 0)) . 

Using similar arguments one obtains conjectured formulas in terms of two different L- values 
for m(P k ) when k = Observe that in these cases k 2 ^ Z, so it is not surprising 

that our results are somewhat different from those of Rodriguez Villegas. In addition, we 
consider the Hesse family 

Q k = x 3 + y 3 + 1 - kxy. 

This family was also investigated in [12], and it was pointed out that the Mahler measures 
of Q k appear to be of the form (II. ip when k is sufficienly large and k 3 G Z. On the other 

hand, we will prove that if k = ^6-6^2+ 18^4, then 

m(Q k ) = l - (L'(f W8 , 0) + L'(f 36 , 0) - 3L'(f 27 , 0)) , 

where is a newform of weight 2 and level N. 

In Section [3] we will establish some formulas concerning three- variable Mahler measures. 
The author showed in [18J that for many values of k the Mahler measures of the following 
Laurent polynomials: 

(x + oT 1 )^ + y' 1 )^ + 2T 1 ) + k, 
(x + x- 1 ) 2 (y + y- 1 ) 2 (l + z) 3 z- 2 -k, 
x 4 + y 4 + z 4 + 1 + kxyz 
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are of the form 

(1.5) m(P) = c 1 L'(g 1 0) + c 2 L'( X ,-l) 

for some weight 3 newform g, an odd quadratic character Xi an d C\,c 2 € Q. To obtain 
the formulas of type (11.51) . it seems that the chosen value of k necessarily satisfies similar 
conditions as observed in the two-variable case. For instance, for the last family, k must be 
sufficiently large and k A G Z. We will give some examples of Mahler measures of polynomials 
in this family when k A are algebraic integers but not rational integers, which reveal similar 
phenomena as seen in the two-variable case. For example, it will be proved that when 
k = \/26856 + 15300\/3 the following equality is true: 

m(x 4 + y 4 + z 4 + l + kxyz) = A (20L'(g 12 , 0) + AL'(g A8 , 0) + llL'(x_ 3> -1) + 8L'( X _ 4 , -1)) , 

where g^ is a newform of weight 3 and level N and xd (n) = (— ) • 

In Section H] we establish a functional equation of some other three- variable Mahler mea- 
sures, which gives us a five-term relation between the Mahler measures with algebraic argu- 
ments. We also give an explicit example which is related to multiple special L-values. Many 
parts of this problem are still wide open and can be done further in several directions. 

One of the things that all families mentioned above have in common is that their Mahler 
measures can be written in terms of hypergeometric series. Therefore, one can deduce some 
interesting hypergeometric evaluations from Mahler measure formulas easily. For instance, 
the equality ( II. 4p implies that 

4^3 2 \ \ 1 ; -16 + 12v^) = (log(8 + 6V2) - (L'(f u , 0) + L\f 32 , 0))) . 

By some numerical computations in Maple and Sage, we also discover a number of conjec- 
tured formulas for the three-variable Mahler measures studied in [Hj and [18] which involve 
several L-values, as listed at the end of this paper. 



2. TWO- VARIABLE MAHLER MEASURES 

As mentioned earlier, we will study Mahler measures of the two families with the complex 
parameter t, namely 

m 2 (t) := 2m(P t i/ 2 ) = 2m(x + x' 1 + y + y' 1 + t 1/2 ), 
m 3 (t) := 3m(Q tl / 3 ) = 3m(x 3 + y 3 + 1 - t 1/3 xy). 

It is known that for most values of t the Mahler measures m 2 (t) and m 3 (t) can be expressed 
in terms of hypergeometric series. Indeed, we have the following result: (See, for instance, 
Thm. 3.1].) 



Theorem 2.1. Let m 2 (t) and m 3 (t) be as defined above. 

( 4 / - - 1 I 16 

(i) Iftj^O, then m 2 {t) = Re log(t) - - A F 3 " 



2' 2' ' _ 

t~~ J V 2, 2, 2 'i ( 

/ 6 '/I, I, 1, 1 27 
(ii) If \t\ is sufficiently large, then m 3 (t) = Re I log(t) 4F3 



3' 3' ' 

t^"\ 2, 2, 2 
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Furthermore, Kurokawa and Ochiai [9] and Lahn and Rogers [10] showed that rri2(t) 
satisfies some functional equations, which enable us to prove and to conjecture new Mahler 
measure formulas for some t ^ Z. Throughout this section, f^ denotes a normalized newform 
of weight 2 and level N with rational Fourier coefficients. 

Proposition 2.2. The following identities are true: 

(2.3) m 2 (8 + 6V2) = L'(/ 64) 0) + L'(f 32 , 0), 

(2.4) m 2 (8 - QV2) = L'(/ 64 , 0) - L'(f 32 , 0), 

^ere / 64 (r) = 2( f^\ R : G S 2 (r (64)) and / 32 (r) = r / 2 (4r)r / 2 (8r) G 5 a (r (32)). 
usual, let f] denote the Dedekind eta function, 

oo 



n=l 



where q = e 2mr , and let Sk(T (N)) denote the space of cusp forms of weight k and level N .) 
Proof. It was proved in j9j Thm. 7] that if k G IR\{0}, then 



(2.5) 2m 2 (4(A; + f) I = m 2 (16/e 4 ) + m 2 




16 



Recall from (JO} and (USD that m 2 (32) = 22/(/ 64 , 0) and m 2 (8) = 2L'(/ 32 ,0), so we can 
deduce (12 .3p easily by substituting k = 2 1//4 in (12.51) . On the other hand, one sees from [TQ], 
Thm. 2.2] that the following functional equation holds for any k such that < \k\ < 1 : 

(2.6) m 2 (4 (k + I) 2 ) + m 2 (-4 (fc - i) ^ = m 2 (J 

In particular, choosing A; = 2" 1 / 4 , we obtain 

m 2 (8 + 6V2) + m 2 (8 - 6^) = m 2 (32). 
Now (12. 4p follows immediately from the known information above. □ 

? 1 

Rodriguez Villegas [121 Table 4] verified numerically that m 2 (128) = -L(/ 448 ,0) and 

? 1 

m 2 (2) = -L'(f 56 ,0), where / 448 (r) = q - 2q 5 - q 7 - 3q 9 + Aq 11 - 2q 13 - 6q 17 and 

/ 56 ( r ) = q + 2g 5 - q 7 - 3g 9 - 4g n + 2g 13 - 6g 17 + • ■ ■ . Therefore, letting k = 2 3 / 4 in (ESD 
and fc = 2- 3 / 4 in ((MD results in a couple of conjectured formulas similar to (12. 3 p and (12. 4p . 

Conjecture 2.7. T/ie following identities are true: 

m 2 (8 + 9V2) = ~ (L'(/ 448 , 0) + L'(/ 56 , 0)) , 
m 2 (8 - 9^2) = J (//(/as, 0) - L'(/ 5 6, 0)) . 
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We also found via numerical computations the following conjectured formulas: 
n>, ( . 1 = - (L'(/ 289) 0) + 8L'(f 17 , 0)) , 

= l(L'(/ 289 , 0)- 8L'(/i 7 ,0)), 

where / 289 (r ) = g - g 2 - g 4 + 2g 5 - 4g 7 + 3g 8 - 3g 9 and f 17 (r ) = q - q 2 - q 4 - 2q 5 + 4g 7 + 

3g 8 — 3g 9 + • • • . Observe that we can again employ the identity (12. 5p for k = (1 + y/l7)/A to 
deduce 

, , ^49 + 9^^ ^49-9^^ 9 r//p 
2m 2 (17) = m 2 I ^— 1 + m 2 I ^— 1 = L'(/ 289 , 0), 

which is equivalent to a conjectured formula in [12, Table 4]. A weaker form of these formulas, 
namely 



m 2 ^ 9+ 2 Vl7 j -m 2 (17) =4L'(/ 17 ,0), 

was also briefly discussed in [15| §4]. 

To study the Mahler measure 717,3 (t), we use the following crucial result, which basically 
states that 777.3 (i) can be written in terms of Eisenstein-Kronecker series when t is parame- 
terized properly 

Theorem 2.8 (Rodriguez Villegas pjj §IV]). Let t 3 (r) = 27+ ( ^PX] , and let J 7 be 



the fundamental domain for To (3) with vertices zoo, 0, (1 + i/V3)/2, and (-1 + if y/3)/2. If 
t G J 7 , then 

81>/3Iin(r) v-v x-3{m){m + 3n Re(r)) 



^(r)) = 2 E 



4Tr2 t( m + 3nr ) ( m + 3nr )] 



2 • 



m,nd 



where means that (m, n) = (0, 0) is excluded from the summation. 

m,n 

The remaining part of this section will be devoted to proving the following result: 
Theorem 2.9. If t = 6 - 6^+18^4, then 

m 3 (t) = ^ (L'(/ 108 , 0) + L'(f m , 0) - 3L'(/ 27 , 0)) , 

w/We / 36 (r) = ^(6r) G S 2 (r (36)) ; / 27 (r) = ^(3r)^(9r) G S 2 (r (27)), and / 108 (r) = 
q + 5q 7 — 7q 13 — q 19 — 5q 25 — 4g 31 — q 37 + ■ ■ ■ , the unique normalized newform in S , 2 (r (108)) . 

Applying Theorem 12.11 Proposition 12.21 and Theorem 12.91 one obtains the following hy- 
pergeometric evaluation formulas immediately: 
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Corollary 2.10. The following identities hold: 



4-^3 



4-^3 



(% \ \ 1 5 -16 + 12 v^) = tt|^ (log(8 + 6V2) - (L'(/ 64 , 0) + L'fc 0)) 

= (l - $2 + 3^4) ^log(6 - 6^2 + 18^4) 



|, §, 1, 1 63 + 171^2-18^4 
2, 2, 2 ' 250 



- \ (L'(fxos, 0) + L'(/36, 0) - 3L'(f 27 , 0))) . 

To establish Theorem 12. 9| we require some identities for L-values of the involved cusp 
forms, which will be verified in the following lemmas. 

Lemma 2.11. Let /^(t) be as defined in Theorem \2.9\ . Then the following equality holds: 

M/36,2J--2^ (m2 + 3n 2 )2 - 

Proof. First, note that for any r in the upper half plane r\ (r) satisfies the functional equation 

77 ^ _ ^J = V-irv( r )- 



Hence it is easily seen that 



which implies that £ 3 ( — — - J = 54. Thus we have from Theorem 12.81 that 



-3i, 



An 2 ^— ' (m 2 + 3n 2 ) 2 
On the other hand, Rogers [TBI Thm. 2.1, Thm. 5.2] proved that 

ms(54) = 1^/36,2), 

whence the lemma follows. □ 

Lemma 2.12. Let /ios( r ) be the unique normalized newform with rational coefficients in 
5 2 (r (108)) ; and let A = {(m,n) G Z 2 | (m,n) = (-1, -2), (2, 1), (1, 0), (-2, 3) mod 6}. 
Then 

m + 3n 



L(/ 108 ,2)= ]T 



m 2 + 3n 2 ) 2 

Proof. By taking the Mellin transform of the newform, it suffices to prove that 
(2.13) /wb(t)= (m + 3n)g m2+3 ™ 2 . 
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Let K 



-3),O k = Z 



1+7=3 



.A = (3 + 3^3) C O k , and 1(A) = the group of 



fractional ideals of Ok coprime to A. Since A can be factorized as 



(V-3TO, 



A 



any integral ideal a is coprime to A if and only if (y — 3) \ a and (2) fa. As a consequence, 
every integral ideal coprime to A is uniquely represented by (m + ny— 3), where m,n £ 
Z, m > 0, 3 \ m, and m ^ n (mod 2). Let -P(A) denote the monoid of integral ideals coprime 
to A. 

Define <p : P(A) -> C x by 

-X- 3 (w)m + x-aH(3n) - (x_ 3 (n)m + x-3(^)^)v /= 3 



^((m + ny^3)) 



%_3(m)(m + 3) 



if 3 f n, 
if 3|n. 



Then it is not difficult to check that ip is multiplicative, and for each (m + n\J— 3) G P(A) 
with m + ny^— 3 = 1 (mod A), 

<p((m + ny 7- 3)) = m + n\J—3. 

Hence we can extend <p multiplicatively to define a Hecke Grossencharacter of weight 2 and 
conductor A on 1(A). Now if we let 

*(t) := £ ¥>(a)g" W , 

aeP(A) 

then one sees from [TTI Thm. 1.31] that ^(t) is a newform in S l 2(r (108)). Observe that 

-X-3(w)m + x_ 3 (n)(3n) if3fn, 



y?((m + ny — 3)) + <^((m — ny — 3)) 
so we have 



2^-3 (771)777. 



if 3|n, 



^( r ) = Yl (-X-3(m)m + x-3(n)(3n))q rn2+3n2 + ^ X-sHm? 



m 2 +3n 2 



m,n£N 
3fm,3tn 
m fin (mod 2) 



3fm,3|n 
m^n (mod 2) 



Working modulo 6, one can show that 

J2 (-X-s(m)m + X -3(n)(3n))q m2+3n2 



(m + 3n)q 



m 2 +3n 2 



m,neN 
3|m,3fn 
m^n (mod 2) 



(m,n)=(-l,2),(2,l) 
(mod 6) 



and 



X-3(m)rnq m2+3n2 = £ 



m +3n 



m£N,neZ 
3fm,3|n 
m^n (mod 2) 



(m,n)=(l,0),(-2,3) 
(mod 6) 



(m + 3n)q 



m 2 +3n 2 



(m,n)=(l,0),(-2,3) 
(mod 6) 
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Consequently, the coefficients of ^(r) are rational, which implies that ^(r) = /io8( r ) ; an d 
(I2.13P holds. (One can check using, for example, Sage or Magma that there is only one 
normalized newform in ^(^(lOS)).) □ 

Lemma 2.14. Let f2i{ T ) be as defined in Theorem \2.9\ and let B = {(m,n) G Z 2 | (m,n) = 
(1, 0), (-2, 3), (1, -1), (-2, 2), (2, -1), (-1, 2) mod 6}. Then 

v m + 3n 



L(f„,2)= J2 



, ,m 2 + 3n 2 ) 2 

m,n6B 

Proof. As before, we will establish a g-expansion for f27{f) first; i.e., we aim at proving that 

f„{r)= (^ + 3n)g m2+3 " 2 . 

m,n£0 

Recall from [T3], §6] that the following identity is true: 



(2-15) f„{r) = 



(m,n)=(l,l),(-2,-2) 
(mod 6) 



m + 3n\ 



4 



■2 



q 



4 



Therefore, it is sufficient to prove the following claims, each of which involves only simple 
manipulation. (Unless otherwise stated, each ordered pair (a, b) listed beneath the sigma 
sign indicates all (m, n) G Z 2 such that m = a and n = b (mod 6).) 

Claim 1. 

Efm + 3n\ m 2 +3n 2 \ - m 2 +sr> 2 \ -* fm + 3n\ m 2 +3n 2 
( ^ ) ^ 4 = 2^ (m + 3n)g m+3n + }^ f = ) +S ™ - 

(1,1) (1,0), (-2,3) (2,-1), (-1,2) ^ ' 



Claim 2. 

/m + 3n\ m 2 +3n 2 _ N m 2^„2 f 7U + 3n\ m 2 +3n 2 

V 2 J 5 

(-2,-2) v ' (1,-1), (-2,2) (2,-1), (-1,2) 

Proof of Claim [II It is clear that 

,2_l,„2 v m 2 +3n 2 



(m + 3n)g m2+3n2 = ^ mg r 

(1,0), (-2,3) (1,0), (-2,3) 



El (m + 3n) + 3(m — 7i)\ (m + 3n) 2 +3(m-w) 2 
g 4 , and 



(1,0), (-2,3) 

y~v /m + 3n\ m 2 +3n 2 y-r / (3n — m) + 3(m + n) \ (3n-m) 2 +3(m+n) 2 

(2,-1), (-1,2) V 2 / (2,-1), (-1,2) V 4 / 

Also, it can be verified in a straightforward manner that 

{(m,n) | m = n = 1 (mod 6)} = {(jfe + 3Z, A; - I) \ {k, I) = (1, 0), (-2, 3) (mod 6)} 

U{(3Z - k,k + l) | (Jfe, /) = (2, -1), (-1, 2) (mod 6)}, 

where U denotes disjoint union, so we obtain Claim [TJ 



MAHLER MEASURES AS LINEAR COMBINATIONS OF L- VALUES 



9 



Proof of Claim\^ Let us make some observation first that, by symmetry, 

(3m + 3n)q m2+3n2 = 0, 

(l,-l),(-2,2) 

so we have that 

J2 (-2m)q m2+3n2 = J2 (m + 3n)q m2+3n2 . 

(1,-1), (-2,2) (1,-1), (-2,2) 

It follows that 

( m + 3n)q m2+3n2 = (" m + 3n)g m2+3n2 



(2.16) 



(-1,-1), (2,2) (1,-1), (-2,2) 

h3n 2 , V s I 0™N„m 2 +3n 2 



(m + 3n)q m2+3n2 + ("V^ 

(1,-1), (-2,2) (1,-1), (-2,2) 

2 (m + 3n)q m2+3n2 . 



(l,-l),(-2,2) 



Therefore, 



I m + 3n \ ^nl^it ( m + 3n j g m 2 +3n 2 



(-2,-2) x ' (-1,-1) (mod 3) 



E 



m + 3n\ ^ m 2 +3n 2 



(-1-1),(2,2) 
(2,-l),(-l,2) 

= (™ + 3n)q m2 + 3n2 + fm + 3n 

(1,-1), (-2,2) (2,-1), (-1,2) 

where the last equality comes from ( 12 . 16D . 



Lemma 2.17. The following equality is true: 

L{fios, 2) - -rL,(f 2 7, 2) = - / Q _2 , — 2^2" 

3fn 

Proof. Taking the Mellin transform of /27(V) in ( 12.151) yields 

m + 3n 



,m 2 +3n 2 



□ 



(2-18) ^(/ 2 7,2) = 4 > > > i > • 

(l,l),(-2,-2) V ' 

Since X- 3 (^) = j 'iff n = j (mod 3), where j G { — 1, 0, 1}, we have that 

CXm?- -4- ^2\2 ~~ 



(3m 2 + n 2 ) 2 ' (m 2 + 3n 2 ) 2 

3fn 3fm 

-2n 



E 



(m 2 + 3n 2 ) 2 

n=-l (mod 3) v ' 
3fm 
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Also, it is obvious that the symmetry of the summation yields 



Em 
(m 2 + 3n 2 ) 2 

n=-l (mod 3) v ' 
3fm 



0. 



Hence, using Lemma [2.1 2[ one sees that 



T(f o\ 3 m X -3(m 



2 ^ (3m 2 + n 2 ) 2 

3fn 



E 



(-1,-2),(2,1) 
(1,0), (-2,3) 



E 



(-1-2),(2,1) 
(1,0), (-2,3) 



E 



(-1,-2),(2,1) 
(1,0), (-2,3) 



E 



m + 3n 
[m 2 + 3n 2 ) 2 

m + 3n 
[m 2 + 3n 2 ) 2 

m + 3n 
[m 2 + 3n 2 ) 2 



m + 3n 



+ E 



3n 



n=— 1 (mod 3) 
3fm 



(m 2 + 3n 2 ) 2 



+ E 



ra = — 1 (mod 3) 
3fm 



+ E 



(-2,2), (-2,-1) 
(-1,2),(-1,-1) 
(1,2),(1,-1) 
(2,2), (2,-1) 



E 



m + 3n 
{m 2 + 3n 2 ) 2 

m + 3n 
(m 2 + 3n 2 ) 2 



m + 3n 



(m 2 + 3n 2 ) 2 / -— ' (m 2 + 3n 2 ) 2 

(l,0),(-2,3) V 7 (l,l),(-2,-2) V > 

(l-l),(-2,2) 
(2,-l),(-l,2) 

L(/ 27 ,2)-^L(/ 27 ,2), 



where we have applied Lemma 12.141 and (12.181) in the last equality. 



□ 



Putting the previous lemmas together, we are now ready to complete a proof of Theo- 
rem 12.91 

Proof of TheoremlKE Let r = y/-3/9. Then t 3 (r ) = 6-6^2 + 18^4. This can be verified 
by considering numerical approximation of ^(tq) and using the following identities: 



j(r) = j(-l/r), f 3 (V=27) = 2(1 + ^2 + ^4), 
(f 24 (r)-16) 3 t 3 (r)(t 3 (r) + 216) 3 



(* 3 (r) - 27f 



where j(r) is the j-invariant, and f(r) is a Weber modular function defined by 



f(r) 



e 24 



r/(r) 
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(For references to these identities, see [HI §1], [191 Table VI], and [201 §!]■) Then we see from 
Theorem 12.81 that 

m 3 (t 3 {r )) = ^}^ 



3 I 81 
2 I 2r? 2^ 



81 
2t? 



3|n 



/ 



2tt 



V 





) 2 


mx- 




(3m 2 


+ n 2 ) 2 




-aM 


(3m 2 


+ n 2 ) 2 


mx- 


-■s{m) 



- y 



(m 2 + 3n 2 ) 2 2tt 



3fn 



r 2 



3fn 



mx_ 3 (ro) 
(3m 2 + n 2 ) 2 



(3m 2 + n 2 y 



Now we can deduce using Lemma 12.111 and Lemma 12.171 that 



(2.19) 



3 /27 9 
m 3 (h(ro)) = ^ -^(Ao8,2) + -L(/ 36 ,2) 

2 V 7T Z 7T Z 



47T ; 



:^(/ 2 7,2; 



Finally, the formula stated in the theorem is merely a simple consequence of f 1 2 . 1 9 1) and the 
functional equation 



N 



2tt 



ns)L(f, S ) 



N 



2-s 



2tt 



r(2-s)L(f,2-s), 



where / is any newform of weight 2 and level N with real Fourier coefficients, and e £ { — 1,1}, 
depending on /. (If / E {f 27 , fm, /mm}, then e = 1.) □ 

In addition to the formula stated in Theorem I2.9[ we discovered some other conjectured 
formulas of similar type using numerical values of the hypergeo metric representation of m 3 (t) 
given in Theorem 12.11 



m 3 



(17766 + 14094^ + 11178^) = |0L'(/io8, 0) + 3L'(/ 36 , 0) + 3L'(/ 27 , 0)), 
m 3 (« ± Pi) = ^(L\f W8 , 0) + 3L'(f m , 0) - 6L'(f 27 , 0)), 



m 3 



^ ' = J(9L / (/ioo,0) + 38L / (/ 2 o,0)) 



™3 | (? ) = \ (9L\f W0 , 0) - 38L'(/», 0)) 



where a = 17766-7047^-5589^4, P = 27 v / 3(261 v / 2- 207^), /ioo(r) = g + 2g 3 -2g 7 - 
g 9 - 2g 13 + 6g 17 - 4g 19 , and / 20 (r) = r/ 2 (2r)r/ 2 (10r). 
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It is worth mentioning that the last two Mahler measures above also appear in [SJ Thm. 6] 
and [161 §4]. More precisely, it was shown that 

(2.20) 19/^(32) = 10;,;, I 2±_^S! ) _ 8 m 3 ' (? " ^ 



4 

(2.21) m 3 (32) =8L'(/ 20 ,0). 

Many of the identities like ( I2.20f) can be proved using the elliptic dilogarithm evaluated at 
some torsion points on the corresponding elliptic curve. However, to our knowledge, no 
rigorous proof of the conjectured formulas for the individual terms on the right seems to 
appear in the literature. 

3. Three-variable Mahler measures 
From here on, we denote 
n 2 (s) 



n 3 {s) 
n 4 (s) 

s 2 (r) 



2m((x + + y' 1 )^ + z~ v ) + s 1/2 ), 

m ((x + x~ 1 ) 2 {y + y~ l ) 2 {l + zfz" 2 - s) 
Am(x 4 + y^ + z 4 + 1 + s 1/A xyz), 
A(r + I) 



s 3 r := 27 



A(2r + 1 

V&t)Y ( t]{t 



6 / / \ \ 6 X 2 



v(t) J \v(3t 



«M~m u(* T) *tn+ f " {2T 



A ( r ) V V v( 2t ) 3 J W^M^r 

where A(r) = ?7 24 (r). 

The main result we will show in this section is stated as follows: 

Proposition 3.1. The following identities are true: 
n 4 (26856 + 15300^) = ^ (20L'(g 12 , 0) + 4L'(^ 8 , 0) + llL'(x_ 3> -1) + 8L'(x_ 4> -1)) , 

n 4 (26856 - 15300^) = | (-20L'(g 12 , 0) + 4Z% 48 , 0) - llL'(x-s, -1) + 8L'(x_ 4 , -1)) , 

o 

f= ^n(Tol'19 N l v ^ and n.J>r\ = 

r/ 3 (2r)rf (6t)?? 3 (8t)7/ 3 (24t) 



where g l2 {r) = V 3 (2r)r ] 3 (6r) E 5 3 (r (12), x _ 3 ) and g m {r) = ') r ' o . G 



5 3 (r (48),x- 3 ). 

Proof. By a result in [181 Prop. 2.1], we have that n 4 (s) can be expressed as Eisenstien- 
Kronecker series when s is parameterized by s 4 (t), namely 

, , , , NX 10Im(r) v^' / / An 2 1 \ 

(3.2) n 4 (s 4 (r)) = >. - , 2 , , 2 , — ^ - 7 2 , , 2 , — ^ 



An 2 

+ 4 



(4m 2 |r| 2 + n 2 ) 3 (4m 2 |r| 2 + n 2 )' 
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for every r G C such that r is purely imaginary and Im(r) > l/y/2. It is clear that s^t) can 
be rewritten in the form 

1 / 16 f?(4r) x 1 



s 4 lr 



ff(2r) Vff(4r) ff(2r) 



where fi(r) := — j^r-, also known as a Weber modular function. We obtain from [T9J 
t?(t) 

Table VI] that 

#(V=l2) = 2*(1 + V3), f?(V=48) = 2^(1 + v / 3)(v^ + v^) 2 ^ + v^) 2 . 

Therefore, after simplifying, we have (V - 3) = 26856 + lSSOOv^, and substituiting r = 
sf^Z in (j32J yields 

10^/3 w / / 4n 2 1 



(3m 2 + n 2 ) 3 (3m 2 + n 



n 4 (26856 + 15300^) = J^' f- f 

m,n£Z 

/ 4n 2 1 

+ 4 

(3.3) 



2^2 



+ 4 \^(12m 2 + n 2 ) 3 (12m 2 + n 2 ) 2 
10^3 yV /2(3n 2 - m 2 ) 8(m 2 - 12ra 2 ) 
7T 3 1 (m 2 + 3n 2 ) 3 + (m 2 + 12n 2 ) 3 

4 1 

+ 



(m 2 + 12n 2 ) 2 (m 2 + 3n 2 ) 2 

It was proved in [31 Cor. 4.4] that the following identity holds: 

9 \-V m 2 — 3n 2 sr^' ( m 2 — Yin 2 An 2 — 3m 2 

+ 



y yV rrr - dn* \- 



(m 2 + 3n 2 ) 3 2 -— ' \(m 2 + 12n 2 ) 3 (3m 2 + 4n 2 ) 3 



Equivalent ly, one has that 

(3.5) 

'2(3n 2 -m 2 ) 8(m 2 -12n 2 )\ 5w m 2 - 3n 2 



Ei I 2(3rT - m?) 8(m' - 127TJ \ _ 5 y^ 



v (m 2 + 3n 2 ) 3 (m 2 + 12n 2 ) 3 J 2 ^ (m 2 + 3n 2 ) 3 



Eif m 2 — 12n 2 3m 2 — 4n 2 
I (rr>2 Z 19r^3 + 



v (m 2 + 12n 2 ) 3 (3m 2 + 4n 2 ) 3 

= 5L(g 12 ,3) + 8L(g i8 ,3), 

where the last equality is a direct consequence of Lemma 2.7 and Lemma 2.12 in [18] . 
Recall from Glasser and Zucker's results on lattice sums [7J Table VI] that 

m,nSZ v ' 

t-^i i 69 

(3-6) E fm 2 T 12n2)2 = 64C(2)^(X-3, 2) + L( Xl2 , 2)L( X _ 4 , 2) 

237T 2 . 7T 2 . 
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Then we substitute f l3.5j) and (I3.6P in (13.31) to get 
n 4 (26856 + 15300^) = ^-L(g 12 , 3) + ^-L(g 48 , 3) + ^-L( X - 3 , 2) + ^L(x-4, 2). 

7T J It 6 l07T 37T 

To deduce the first formula in the proposition we only need one more step, which can be done 
using the following well-known functional equations for .L-functions of weight 3 newforms 
and Dirichlet L-functions: 

— \ s / , — \ 3— s 

AM / y/N\ 

r(s)L(g N , s) = — — r(3 - s)L(g N ,3 - s), 



2tt I w w ' ' V 2tt 

D - r (^£) i(x _ i , 1 _ s) . (D -- r (i±l) i( ,_ t , s) . 

The second formula can be shown in a similar manner by choosing tq = \/—3/2. Although 
Weber did not list an explicit value of fi(\/ — 3) in his book, one can find it easily using the 
identity fi(2r) = f(r)fi(r) and the fact that f(y/— 3) = 2s. Therefore, we have s 4 (r ) = 
26856 - 15300^, and 

20^ >r^' /8(3m 2 - 4n 2 ) 2(m 2 - 3n 



- 2 °v3 W / 8(3m 2 - 4n 2 ) 2(m 2 - 3n 2 ) 
n 4 (s 4 (r )) - — — 2^ I ,„ 2 T"2N3 + T^T^W + 



7r 3 ^— \ (3m 2 + An 2 ) 3 (m 2 + 3n 2 ) 3 (m 2 + 3n 2 ) 2 (3m 2 + An 2 ) 2 

= ^-(-5L(g 12 , 3) + 8L(g 48 , 3) - ^L( X -s, 2) + ^(X-*, 2)), 
where we again use (13.41) . (13.61) . and the identity 

2L( Xl2 ,2)L( X _ 4 ,2)= ( {m 2 + \ 2n 2)2 ~ (3^ + 4^)*) 



(see PSI Lem. 2.6]). □ 



Besides the formulas proved in Proposition 13. 1\ at the end of this paper we will tabulate 
all three-variable Mahler measure formulas that we found from numerical computations. 
Though these formulas can be verified by computing the involved values to a high degree 
of accuracy, most of them are still conjectural; i.e., they have not been proved rigorously. 
The proved formulas, except the two formulas above, were established in [T4] and |18j . In 
Table [BHH we use the following shorthand notations: 

M N :=L\g N ,0), d k := U( X -k, -1), 

where g^ is a normalized newform with rational Fourier coefficients in Ss(Tq(N),X-n)- If 
there are more than one such newforms, we shall distinguish them using superscripts. 



4. Functional equations in the three- variable case 

One has seen from |T0 J that m,2(t) satisfies some functional equations, which can be applied 
in establishing new Mahler measure formulas as shown in Section [2J This section aims to 
derive a functional equation for three-variable Mahler measures. We will show that 
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Theorem 4.1. If t e C\{0} and \t\ is sufficiently small, then 



t(i - 1) y z v ^Vi^ / V * 4 

16(1 -t) 2 \ o / 2(i + ^r^t) 12 



n 2 - m 2 



Proof. The proof requires some preliminary results from [TU Thm. 2.3] and Ramanujan's 
theory of elliptic functions. Following notations in [14] , we let 

too 
- log(g) + 240 n2 k>g(l ~ Q n ) 
n=l 

oo 

X(q) =U( 1 + ^ 2 " +1 ) • 

n=0 

Recall from Rogers' result that if \q\ is sufficiently small, then the following matrix equation 
holds: 

G{q) \ f-19 -4 12\ / n 2 (s 2 (q)) 
G(~q) = -4 -19 12 n 2 (s 2 (-q)) 
G(q 2 ) J \-3 -3 A J \2n 2 (s 2 (q 2 ))-n 2 (s 2 (-q 2 )) 

Expressing G(q 2 ) in two different ways, one finds that 

(4.2) n 2 {s 2 {q)) = 9n 2 (s 2 (q 2 )) + 4n 2 (s 2 (-q 4 )) - n 2 {s 2 {-q)) - 8n 2 (s 2 (q 4 )) . 
Now let 

i i N TTaFJ 



z 2 {t) = 2 F l [ 2 y;t) } y 2 (t) = \ , 7 , q 2 (t) = e~y\ 



Note that q 2 (t) defined above is sometimes called the signature 2 elliptic nome. It is known 
from [TJ §17] that the following identities hold: 



X(? 2 ) = 2 



In - 1/24 

1/6 / °2_ 



t(l-t) 

X {-q 2 ) = 2^(1 _t)V« (|) 
X (-g 2 2 ) = 2V3(1 _ t) V« (| 



1/24 
1/12 



Moreover, we can deduce formulas for xioi) j xilt) > an d x(~ it) fr° m the identities above 
using a process called obtaining a formula by duplication; that is, if we have Q(t, q 2 , z 2 ) = 0, 
then 
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Therefore, by some manipulation, we find that 

24 2 4(l + v ^t) 6 2 

x fe)= ¥7T=t g2 ' 

24/ 4\ _ 2(1 + yl - t) 12 4 

24/ 4, 2 10 (1 + v ^t)6 v ^t 

The theorem then follows immediately from these identities and ( 14. 2p . □ 
As an application of Theorem 14.11 we can deduce a five-term relation 
n 2 (64) = 9n 2 (280 + 198 v^) + 4n 2 (-143360 - 101376^ 

- tW-8) - 8n 2 f 71704 + 50688^ + 60282^2 + 42633^8 ' 



by letting t = 1/2. It would be interesting to see if each term in the equation above is 
related to special L-values. It turns out that only a partial answer can be given here. 
First, it was rigorously proved in [HI Thm. 1.2] that n 2 (64) = 8L'(gi 6 ,0), where gie(r) = 
r/ 6 (4r) G S3 (To (16), X-4). Then, using the hypergeometric representation of n 2 (s) given in 
[T4"l Prop. 2.2] and integral representations of L-functions, we are able to verify numerically 
that the following formulas hold: 

n 2 (-8)=4L'(( 7l6 ,0) + L / (x-4,-l), 

n 2 (280 + 198^) = ~(36L'(<? 16 , 0) + 4L'(g 6A , 0) + 13L'( X - 4 , -1) + 4L'( X _ 8 , -1)), 

where <7g 4 (r) is the normalized newform of weight 3 and level 64 with rational Fourier coeffi- 
cients. Nevertheless, no similar evidence for the remaining two terms has been found. From 
the previous examples and numerical observations exhibited at the end of this paper, it is 
not unreasonable to conjecture that 

n 2 (-143360 - 101376^) and n 2 (71704 + 50688^ + 60282^2 + 42633^) 

involve two and four modular L-values, respectively, corresponding to weight 3 newforms of 
higher level. However, we are still unable to find the L-values of the newforms that are likely 
to be our possible candidates. 

It is also possible to obtain a functional equation for n 4 (s) defined in Section using 
similar arguments above. Again, we see from [TJ] that for |g| sufficiently small 

n 4 (s 4 (g)) 
n 4 (s 4 (-g)) 
n 4 (s 4 (g 2 )) 

Hence we find that 

n 4 (s 4 (g)) = 7n 4 (s 4 (g 2 )) + 2n 4 (s 4 (-g 2 )) - n 4 (s 4 (-g)) - 4n 4 (s 4 (g 4 )) . 

To express s 4 (g), s 4 (— g), s 4 (g 2 ), s 4 (— g 2 ), and s 4 (g 4 ) in terms of algebraic functions of some 
parameter we need the Ramanujan's theory of signature 4. (See [2] for references.) However, 
the results we found are quite complicated because of multiple radical terms, so we do not 
include them here. 
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T 


S 2(t) 


^(^(t)) 


Proved? 


V~l 


64 


8M 16 


Yes 


2 


-8 


4Mi 6 + 4 


No 


s/-A 
2 


280 + 198^ 


i (36Mi 6 + 4M 64 + 13rf 4 + 44) 


No 


2+^1 
4 


280 - 198^ 


i (36M 16 - 4M 64 - 134 + 44) 


No 




-512 


M 64 + 4 


No 


2 


56 + 40\/2 


- f60M« 4- 4M OT 4- 4rL 4- da) 


No 


2+^-2 
4 


56 - 40^ 


\ (60M 8 - 4M 32 + 44 - 4) 


No 


1+^2 
2_ 


— 04 


( A/T _i_ A \ 

1 {M 32 + "4 J 


l\T/-> 
1NO 


V-3 
2 


256 


| (M 48 + 24) 


Yes 


l+V-3 
4 


16 


8M12 


AT 

No 


3+^-3 
fi 


— 104 + 60V3 


| (4M 48 — 36Mi2 + 154 — 84) 


AT 

No 


1+V^3 


-104- 60^ 


± (4M 48 + 36Mi2 + 154 + 84) 


No 


2 


568 + 384\/2 
+336 v / 3 + 216v / 6 


^(60M 2 ( 4 j + IIM^J + 4M$ + 4M q ( fi j 

24 V ^4 ^4 1 yb 1 yb 

+604 + 244 + 84 + 4 4 ) 


No 


6+^6 


568 + 384^ 
-336^/3-216^ 


J(60Mg J + 12M 2 ( P - 4M$ - 4M$ 
-604 + 244 + 84 - 44) 


No 


6 


568 - 384^ 
+336^-216^ 


^(60M 2 ( P - 12M^ + 4M$ - 4M$ 
+604 + 244 - 84 - 44) 


No 


-2+^-6 


568 - 384^ 
-336^+216^ 


^(60M 2 ( P - 12M$ - 4Mg } + 4M$ 

+604 - 244 + 84 - 4 4 ) 


No 


10 


3+V-6 
fi 


-1088 + 768^ 


Mg ] - Mg ] - 64 + 24 


No 


1+V=6 
2 


-1088 - 768^ 


| (m£ } + m$ + 64 + 24) 


No 


2_ 


4096 


f (M 112 + 84) 


No 


3+V^7 
8 


1 


8M 7 


No 


14 


-2024 + 765^ 


\ (4Mn 2 - 384M 7 - 324 + 114) 


No 


l+v^ 
2 


-2024 - 765^ 


i (4M 112 + 384M 7 + 324 + 114) 


No 



Table 1. Special values of n 2 (s) 
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T 


s 3 (r) 




Proved? 


3 


8 




No 


3 


1 P)& 


1 ^ « 




3 


216 


f(M^ + d 3 ) 


Yes 


3 


zoo + loov 3 


5 / O 71 /f (2) , Q/l/f(l) 1 /? J 1 /1J \ 

Y2 ( 3M 36 + 3M 36 + 6d 3 + 4d 4 1 


INo 


2 


288 - 168^ 


|(3Mg ) -3MS ) -6rf 3 + 4rf 4 ) 


No 


Tin 

V — 12 
3 


1458 


f (9M 12 + 2d 4 ) 


Yes 


3 


OO/O 


5 I 20M 15 + 13d 3 1 


INo 


V-18 
3 




tjj yoivij2 1 t z,ivi% -|- 10U3 -|- ^ugj 


Nn 


\/-2 
9 


3704 - 1456^ 


^ (3M 72 - 72M 8 - 18rf 3 + 4rf 8 ) 


No 


v^2T 

3 


7344 + 2808/7 


§ (Mg } + m 8 ( j + 44 + 24) 


No 


3+^21 
6 


7344 - 2808^ 


if (M 8 ( 4 2) - M ( £ - Ad, + 2d 7 ) 


No 


3 


14310 + 8262^ 


§ (7M$ + M<; 2) + lld 3 + 6rf 4 ) 


No 


-3+v^6 
2 


14310 - 8262^ 


f (7M 2 (2) - M<g } + llci 3 - 6rf 4 ) 


No 


^^30 
3 


48168 + 15120^ 


| (5MS + 5M{g + 5rf 15 + 2rf 24 ^) 


No 


6+ v /3 30 
6 


48168- 15120^ 


| (5Mj 2 2 i - 5MgJ + 5ci 15 - 2rf 24 ) 


No 



TABLE 2. Special values of n 3 (s) 
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1 


6 4W ; 






2 


256 


40M 8 


Yes 


V-8 
2 


3656 4- 2600 \/2 


- (AM^ + 28M« + Ad a + da) 


Yes 




3656 — 26D0a/2 


^ (AMm — 28 M c 4- 4r/„ — 

4 ^ J "32 ^OiVJg t <±U4 ugj 


Yes 

J. CO 




268^6 -1- 1 ^300^ 


— (AMao 4- 20 Mi o 4- 1 1 (7q 4- Sr/^ 
-| 2 ^-^48 ^ Zj\jivi\2 \ 1 lu >3 * 0114 j 


Nn 


—J^r- 

2 


26856 - 15300^ 


f (4M 48 - 2OM12 - 114 + 8rf 4 ) 


No 


2 


-144 


f (4M 12 + 4) 


No 


r a 


648 


f (4M 16 + 4) 


Yes 


V-16 
2 


143208 + 101574^ 


^ (4M 64 + 20M 16 + 94 + 44) 


No 


l+V-4 
2 


143208 - 101574^ 


f (4M 64 - 20M 16 - 94 + 44) 


No 


2 


-1024 


| (hM^ + 24) 


No 


2 


2304 


f (m« + 4) 


Yes 


%/— 24 
2 


1207368 + 853632^ 
+697680^ + 493272^ 


4(4Mg J + 4M 9 ( ^ + 28M^P + \2M$ 
+284 + 244 + 84 + 4 4 ) 


No 


1 -4--./— fi 

2 


1207368 + 853632^ 
— d97o8(Jv o — 49dz7zyo 


£(4M$ + AMg ] - 28M£ j - 12M 2 ( f 

— 28(^3 + Z4d4 + Ottg — (124) 


No 


\/-6 
4 


1207368 — 853632y2 

-LfiQTfigrK /q 40^979, /fi 


16 (4^96 - 4M 9 y + 28M 2 Y - 12M 2 Y 

90 J 94^/ _l_ Sr/ J_ ^ 
— /0O3 — /4CI4 ■+- oug ■+- U24I 


AT 

JNo 


2+^6 

4 


1207368 - 853632\/2 
-697680^ + 493272^ 


^(-4AfS J + 4M£ j + 28M£ } - 12M$ 

\ 3U t7"J ^i*± 

+284 - 244 + 84 - 4 4 ) 


No 


V— 28 


8292456 + 3132675^ 


4 (4M 112 + 224M 7 + 324 + 74) 


No 


2_ 


89094^^ ^1^9(^7^/7 


A — 994 /If., _|_ QOW, _ 7H„\ 


Nn 


l+v^ 
2 


-3969 


f (40M 7 + 4) 


No 


2 


-12288 


f (M«+24) 


No 


v^TO 
2 


20736 


5 I 5M4 ' + 24 1 


Yes 


2 


-82944 


f|(M«+24) 


No 


3+V^T5 
6 


-192303 + 85995^ 
2 


1 (lGOM^ - UOM^f - 884 + 54s) 


No 


2 


-192303 - 85995^ 
2 


i (l60M« + 120MJ? + 884 + 5d 15 ) 


No 


2 


614656 


f (5M 8 + 4) 


Yes 


3+v^2T 
6 


-893952 + 516096\/3 


f (Mg ( 4 3) -Mg ( 4 4) +84-44) 


No 


l+v /3 21 
2 


-893952 - 516096\/3 


|f (m^ + m^ + 84 + 44) 


No 



Table 3. Special values of 724(5) 
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